A 3-D Lagrangian random vortex-boundary element method is extended to the case of compressible flow at low Mach numbers. The simulations utilize the equation for the transport of (vorticity/density), which is identical in form to the vorticity transport equation for incompressible flow, but with two modifications. First, diffusion involves a timevarying, spatially homogeneous diffusivity. This is implemented by appropriately modifying the diffusion time scale, so that the diffusivity is time-invariant. Second, the continuity equation includes a spatially uniform, but time-dependent density. This effect is accounted for in the potential component of the velocity field via a Poisson equation with a spatially-uniform, time-dependent volumetric source term. The latter is converted to a source on the boundary of the domain, which allows the grid-free evaluation of the potential velocity field using the boundary element method. As a result, grid-free simulation of flow in the complex geometry of engines during the entire intake and compression strokes is made possible. In this paper, the formulation for the method and preliminary results from the simulation of the swirling flow inside a typical two-stroke opposed-piston engine are presented.
Introduction
A 3-D random vortex-boundary element method was developed recently for the grid-free simulation of the intake flow in internal combustion engines [8] . In this approach, the surface of the engine was defined in terms of a set of rectangular and/or triangular elements. The elements were used with the boundary element method to solve a Neumann problem that imposes the normal flux boundary condition. They were also used to generate vorticity on the engine solid walls to satisfy the no-slip boundary condition. The evolution of the flow field was predicted by the Lagrangian transport of the vorticity field using the vortex elements that originate at the walls. The detailed formulation of the vortex-boundary element method and a parametric test of its accuracy were given in [7] .
In this paper, we extend the random vortex-boundary element method and present an approach for predicting the flow in engines during the compression stroke. The formulation of the method is based on the assumption that the flow in engines is primarily in the low Mach number limit, which implies that, to the leading order, the pressure in the engine is a function of time only [10] [11] [12] . Furthermore, neglecting small temperature gradients near the walls, the density is also taken to be a function of time. This results in a transport equation for (vorticity/density) which is identical in form to that for the vorticity with two exceptions. (1) The effective Reynolds number in the new formulation is time-dependent, because the kinematic viscosity is a function of the temperature and thus time. ( 2) The continuity equation includes a compressibility effect, which manifests itself as a spatially-uniform, time-varying density. In this paper, we show that the time-dependent Reynolds number may be incorporated into the effective time of a new diffusion equation that has a constant Reynolds number, which can then be solved using conventional methods. We also demonstrate that the time-derivative of the density, which acts as a uniformly distributed volumetric source term, is equivalent to the surface distribution of a new source term. This facilitates the effective use of the boundary element method for evaluating the potential flow field while preserving the grid-free nature of the computations.
In what follows, we present the random vortex-boundary element formulation for compressible flow at the low Mach number limit. We also present preliminary results from the simulation of flow inside a typical two-stroke opposed-piston engine during the compression stage.
Formulation
The equations of motion, energy and state of an ideal gas flow in an engine at the low Mach number limit may be approximated as
where Equations (1b) and (1c) were derived using an expansion of the u , p and T variables in the Mach number Ma [10] [11] [12] . The expansions yield ∇ p ≈ 0 to zeroth order; meaning that, to the leading order, the pressure is equalized instantaneously throughout the engine chamber and is thus a function of time only, p ≈ p t ( ).
Furthermore, higher order expansions indicate that, up to O Ma 2 ( ), the momentum and the energy equations are decoupled so that their solutions can be obtained sequentially rather than simultaneously.
In this paper, we consider the fluid dynamics of pre-combustion compression in engines, during which the fluid density is spatially uniform (neglecting small changes in the temperature near the walls). The vorticity transport formulation for the flow in a three-dimensional domain D, with boundary surfaces ∂D , is derived by taking the curl of (1b) and substituting (1a). The resulting equations are
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where Vorticity is discretized by N V vortex elements defined by their volume ∆V i , vorticity ω i , and center
where g σ
 is a spherical core function with radius σ, and [3] . Given the above vorticity field and subsequent to the application of viscous splitting [2] , the discrete Lagrangian form of Eqs. (2) can be integrated in time as: Gaussian distribution. We will discuss the diffusion equation shortly.
The Velocity Field
The velocity and its gradients at the center of the elements are evaluated as the sum of a vortical field in free space and a potential flow that imposes the normal flux boundary condition. The discrete regularized vortical velocity and its gradients are evaluated as follows [1] :
where
The potential component of the velocity and its gradients are evaluated subsequent to the solution of the following three-dimensional Poisson equation for the interior:
where Φ x ( ) is the unknown potential, the gradient of which yields the potential velocity,
and q x o ( ) is its normal flux at the boundary. S i and u i are the areas and velocities of the surfaces defining the engine, respectively. Equations (6) may be reformulated in terms of a boundary integral equation:
where G
x ,
and α x ( ) is the solid angle. The last term in (6c) is a volume integral, which diminishes the advantage of the boundary element method as a tool for the grid-free evaluation of the potential velocity. Fortunately, ε t ( ) is spatially uniform and the volume integral may be expressed in terms of a surface integral:
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where j, l, m and p indices indicate direction with respect to the global coordinate system and follow the Einstein rule, ε jpl is the permutation tensor, and ⋅ ( ) ,r represents differentiation with respect to
x o in the r-th direction. M is the total number of boundary elements. Note that the last terms in Eqs. (8a-8b) are the contributions of compressibility on the velocity field and its gradients, which have been formulated here in terms of regularized surface integrals.
The Diffusion Field
The diffusion sub-step of the Navier-Stokes equations is
which upon appropriate rescaling of the time variable may be reformulated into a diffusion equation with constant Reynolds number:
The random walk solution of (10), or equivalently (9) , is given by Eq. (4c), where
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The Boundary Region
Substantial extensions have been introduced to Chorin's scheme [4, 5] for simulating the processes of vorticity generation to satisfy the no-slip boundary condition, and evolution within a thin region near the engine walls. First, a formulation has been developed that uses triangular, rather than rectangular, vortex tiles to discretize the surface vorticity, which provides the flexibility to simulate the flow in arbitrarily complex geometries [8] . Second, the vorticity transport approximations for the thin near-boundary layer are modified to account for low Mach number compressibility effects [9] . This includes a provision for the change in the numerical boundary layer thickness to accommodate the change in the Reynolds number due to compression or expansion. In the interest of brevity of presentation we refer the reader to [9] for the details of the formulation.
Results
Preliminary results from the simulation of the scavenging (intake/exhaust) and compression processes inside a "two-stroke opposed-piston engine" are presented. The objective here is to demonstrate, for the first time, the feasibility of simulating the flow inside a highly complex, time-dependent geometry of interest to industrial applications using the 3-D vortex-boundary element method. The ultimate goal is to use such simulations in a parametric study to optimize the engine design with respect to a set of objectives. We use the results to shed some light on the complexity of the developing flow.
The opposed-piston engine is based on an unusual design in which the cylinder is confined by two out-ofphase, sinusoidally traversing pistons at both ends, in contrast to the common design in which a single piston is utilized (Figures 1 and 2 ). The advantage of such a design is in the elimination of the cylinder head and the associated complexity of moving valves. The penalty is the incorporation of two crank shafts to transmit the mechanical power out of the engine. Compressed air is supplied to the engine via multiple intake ports at one end of the cylinder (eight ports at the cylinder top in the figures), and combustion products are discarded via multiple exhaust ports at the opposite end (eight ports at the bottom of the cylinder in the figures). The intake ports in the present configuration are oriented at 30 degrees with respect to the tangent to the chamber, creating strong swirling motion inside the cylinder. Following the closure of the exhaust ports, fuel is injected into the swirling air and is later ignited by a spark (or other more elaborate means). The opposed-piston engine is known for its higher efficiency and lower emissions as compared to conventional engines. However, combustion stability (whether ignition is achieved or not) and efficiency (whether all the mixture is burnt or not) appear to be highly dependent on the operating conditions in ways which are not completely understood. The manufacturer of this engine was interested, among other things, in evaluating the efficiency of the scavenging process, and whether the intake and exhaust conditions were set properly enough to force the combustion products from the previous cycle out the exhaust port. The second concern was to determine whether the swirling flow is strong enough -by the end of the compression process, prior to ignition -to provide good mixing between the inducted air and the fuel injected later in the cycle. In the following, we present flow visualizations of the computed results and use them to answer the above questions qualitatively. Quantitative studies will be attempted elsewhere.
A. Gharakhani and A.F. Ghoniem 167 ESAIM : PROC., VOL. 7, 1999, [167] [168] [169] [170] [171] [172] For the purpose of this simulation, all dimensions were normalized with respect to the cylinder diameter, D c . The velocity was normalized with respect to the maximum piston speed, V m , at mid-stroke. The pistons traveled with the same amplitude and period of oscillation, but were 12 degrees out of phase. The crank angles (which are time indicators) were referenced to the lower piston; e.g., the bottom-dead center of the lower piston was reached at 180 degrees while the top-dead center of the upper piston was reached 12 degrees later, at 192 degrees. The stroke length for both pistons was 1.231. Minimum and maximum piston-to-piston separations were 0.064 and 2.512, corresponding to six and 186 degrees crank angle, respectively. The engine geometry was time-varying and, depending on the crank angle, consisted of three distinct computational topologies: (1) the cylinder was bounded by the two pistons, in which case all the walls were solid; or (2) the intake ports were in the fully open position; or (3) the intake ports were partially open at the intersections of the intake ports with the cylinder walls (Figures 1 and 2) . The opening/closure of the exhaust ports did not change the engine topology in the computational sense. The height and the total area of the intake ports, at the cylinder wall, in the fully open position were 0.191 and 0.482, respectively. The corresponding values for the exhaust ports were 0.284 and 0.714, respectively. The intake normal flux boundary condition was set to be spatially uniform, but time dependent and a function of the port opening at the port-chamber interface (which is partially masked by the piston during part of the operation). The magnitude of the inlet normal velocity varied from zero to 10.7. The exhaust normal velocity was assumed to be constant in time and was assigned uniformly at 3.14 across the opening at the chamber wall. These values were either provided through experimental measurements or based on estimates related to the operation of the engine. The instantaneous volumetric source term was obtained via Eq. (6a) to balance out the net mass flux into the engine, taking the motion of the pistons into consideration.
The reference kinematic viscosity, ν o , and engine volume, V o , were assigned at 186 degrees -the maximum piston-to-piston separation. The Reynolds number based on D c , V m andν o was set to 500. Note that the timedependent Reynolds number was equal to 500 at 186 degrees only; however, it increased subsequently due to the decrease in the value of viscosity during compression, which was approximated as an isentropic process. The full stroke was discretized using 400 equal timesteps, corresponding to ∆t = 0.0097 . The maximum allowable surface vorticity for the wall-generated tiles was set to 0.5. The near-boundary layer thickness was set to 1.5 2ν ∆t Re , which was a maximum at 186 degrees but decreased thereafter during compression. The number of triangular boundary elements, used to solve the potential flow problem, ranged from 1,152 to 7,448. The corresponding number of collocation points ranged from 578 to 3,746. The number of triangular tiles, used to impose the no-slip boundary condition at the solid walls, ranged from 242 to 1,338. The total number of vortex elements in the domain peaked at 113,904. The code was parallelized efficiently via MPI to reduce the wall clock time by 1-2 orders of magnitude compared to a single-processor computation (using up to 256 processors). Note that the resolutions of the wall boundary elements and the vortex tiles were rather low. As such, we expect to be able to capture the large scales of the flow only, and to draw qualitative conclusions with regard to the flow dynamics in this complex, time-dependent geometry. Nonetheless, the results, as will be shown, are insightful and sufficient for demonstrating the advantages of the method and some of the basic features of the underlying flow.
The best way to review the data is to watch an animated movie depicting the time evolution of the flow. In the absence of this, we use snapshots from a movie to describe the flow dynamics. Figure 1 depicts the perspective and top views of the location and velocity of the vortex elements at selected crank angles. The perspective view displays the vortex elements introduced into the domain through a single port only. The top view displays vortex elements, brought in via all ports, within a slice of cylinder volume with 0.05 thickness and plane of symmetry which cuts through the middle of the cylinder -identified by a thin line on the cylinder in the corresponding perspective view. The velocity vectors are displayed as line segments originating at the center of the vortex elements, which are depicted as solid circles. Showing the vortex elements introduced via a single port is necessary in order to delineate the flow in the cylinder. As expected, and during most of the stroke, the same flow pattern is observed from all ports. Figure 1 clearly shows a strong helical motion which is imparted on the incoming jet as it moves into the cylinder. This is due to the combined action of the swirl created by the tangential jet entry, and the axial motion induced due to the piston descending towards the bottom of the cylinder. The incoming jets are seen to (radially) disperse and merge together into an effective leading front that encompasses the chamber crosssection and "sweeps" the existing fluid out through the exhaust ports. The plots also show that the fresh charge reaches the exhaust ports and partially leaves the cylinder before the ports are fully closed. Indeed, the leading front of the incoming flow reaches the exhaust ports just as the top piston crosses past the upper side of the inlet ports as it moves toward the chamber center. Therefore, under the conditions of this simulation, the scavenging process appears to be efficient; i.e., combustion products from the previous cycle are expected to be displaced effectively through the exhaust ports and the compression process is expected to involve mostly fresh charge.
The analysis of the dispersion and merging of the neighboring jets in the engine is complicated by their apparent stratification into multiple distinctly identifiable helical braids in the chamber, each interacting with similar braids from the other ports ( Figure 1 -200 and 227 degrees crank angle). Multiple braids develop because the size of the intake port opening at the port-chamber interface changes as the piston traverses across it, and because the flux and angular momentum of the fresh charge into the cylinder vary in time. A qualitative description of this process is attempted here. During the scavenging process, as the upper piston travels toward its top dead center and the intake port just opens, the incoming jet at the chamber top is directed downward at approximately 45 degrees with respect to the horizontal. Furthermore, because the intake flux is small when the port just opens, the momentum is too weak for the jet to penetrate the chamber tangentially; instead, it expands in the radial direction. This is verified by the tail ends of the jets at 173 degrees in Figs. 1 and 2 , which are clearly positioned proximal to the axis of symmetry of the chamber rather than its periphery. Note that the angle of the jet with respect to the cylinder axis is primarily determined by the geometry of the intake port and the flow inside it. As the upper piston reaches its top dead center, the intake port becomes fully open and the jet issues into the chamber parallel to the piston face. At this stage, the incoming jet momentum reaches its peak and the jet penetrates tangentially into (and around the circumference of) the chamber, with very little radial expansion. In between these two limits, the jet shifts its vertical orientation from 45 degrees to zero with respect to the horizontal, and its horizontal penetration from a "fully" radial to a "fully" tangential orientation -while simultaneously increasing its speed at the inlet from zero to its peak at 10.7. Note that the reverse process takes place while the upper piston changes course and travels from the top dead center toward its bottom. This "fanning" of the jets across the entire chamber cross-section is significant for effective scavenging. Furthermore, it is most likely an important factor affecting the mixing efficiency in the engine and needs to be investigated parametrically. Other factors which affect mixing are viscous dissipation associated with the incoming jet penetration into the exhaust gas, and the boundary layers on the cylinder walls.
During compression, as both sets of ports are closed, the confined helical braids (or "coils") are compressed by the approaching pistons. The pistons impart a certain amount of kinetic energy on the swirling flow while squeezing the "coils". This, as seen in Fig. 1 , appears to increase the swirl velocity, via a mechanism which is not yet well understood. It is possible that some of the vortex lines, which were initially tilted with respect to the cylinder axis, are now better lined up. We observe in Fig. 1 (beyond 254 degrees) that during most of the compression stage the kinetic energy of the swirling flow is contained within the upper half of the cylinder. Furthermore, the cross section of the coil resembles a Gaussian vortex and its center is seen to precess around the cylinder axis, indicating that the overall axis of the helical coil is not lined up with the cylinder axis. The "compartmentalization" of the kinetic energy in the upper half of the cylinder and the precessing of the vortex center will have a detrimental effect on selecting the vertical position, the timing and the duration (and perhaps frequency) of fuel injection in the chamber; and thus on combustion stability and efficiency. For example, injecting fuel in "dead zones" will lead to poor mixing and inefficient combustion. 
Conclusions
A model, based on the transport of the (vorticity/density) variable, has been developed for the random vortexboundary element simulation of low Mach number compressible flow in three-dimensional engines. Two complexities introduced in the new formulation were the presence of (1) 
